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THE EFFECT OF EARTH LATERAL HETEROGENEITIES UPON THE TIDES

S.M. MOLODENSKY

On the basis of the results obtained earlier working formulas are
received which permit to calculate the effect of small lateral heterogeneities
in the elastic properties of the Earth upon the tidal waves on the Earth's
surface. In the case of diurnal and semi-diurnal tidal waves the effect is
manifested in the variation of amplitudes and in the phase lag. Phase lags are
different in the different points of surface and contain (together with the
amplitudes of tidal waves) the information about Earth’s lateral heterogeneity.

Recently the lateral heterogeneity of the mantle was extensively
studied on the basis of eigenfrequency splitting data / Dahlen, 1968, Zharkov,
Lubimov, 1870, Madariaga, Aki, 1972, Luh, 1974, Dahlen, 1874, 1876 /.

Up to now tidal data don't contain reliable information about the
latersl heterogenéity of the Earth. For instance, the differences ot the factor
6§, which were obtained on the freguency M2 in Western Europe do not exceed
the errors of measurements after excluding the influence of the ocean tide /
Pertsev, Ivanova, 1875 /. The same situation takes place for measurements on the
territory of the USSR / Pariisky et al., 1975 /. The measurements of Kuo et al.,
1970 =long the profile, crossing North America in west-east direction after
including the corrections for the ocean tide give an anomal value of § only
in a few points / Pertsev, 1876 /.

Nevertheless it must be pointed out that with the improvement of
measurements accuracy and the accuracy of cotidal maps the tidal data may give
an important new information about the Earth's lateral heterogeneity. The
principal advantages of fidal data comparing with the eigenfrequency splitting

data are as follows:
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Tidal measurements allow to expose the heterogeneity in the neighbourhood of
the point of measurements, whereas eigenfrequencies give an information about
the averaged heterogeneities.

The influence of the Earth lateral heterogeneity upon the eigenfrequencies as

-upon the tides depends on the orientation of heterogeneities relative to the

wave. In the case of free oscillations determination of the waves orientation
presents a rather difficult independent problem. This problem is complicated,

in particular, by the rotational splitting of eigenfrequencies which excites

the rotation of the tesseral waves relatively to the lateral heterogeneities.

In contrast to the case of free oscillations, the orientation of tidal waves

is known exactly at every moment of time. As the consequence of it, the investi-
gation of the local heterogeneities and the determination of geographical coordi-

nates of heterogeneities is more simple while using tidal data.

In this work the theory, connecting the Earth's lateral heterogeneities
with the amplitudes and phase lags of tidal waves i1s studied. Because of the
lack of data we shall not do any numerical computations, however the final

expressions have the final form convenilent for the computations.

1. Let's consider the statical tides in the laterally heterog - neous
Earth which at the fixed moment of time are generated by the tidegenerating

potential of the form:

. ~No Mg
v o=V (=) Y (0,93, (13
e eg a Ng
Mo
where 6, ¢ are colatitude and longitude, Yn - spherical harmonic. The terms
o

corresponding to ny = 3, 4 ... are small and practical interest offers the case

ng = 2, mg = 0, 1, 2.

The potential (1) generates on the Earth’s surface waves which in

general case must be presented in the form:

©o n
x m m m T
T =L @ YO (0.4 T @) VY 6,9) ¢ 9 9. EH™ ) Y7 ce,g) +
o Ng Ng Ng £50 me-n TN n
™ @v Y 0.4);
n n
o (2)
m m sk
R(a) = R'C (a) Y'© (6,0) + ». 2. R" ta) Y™ (6,9),
Ng Mo n=0 m=-n n

where 3 is a displacement and R is a variation of potential. The first term
in (2) corresponds to the tide in the spherically symmetric Earth and other
waves determine the influence of the lateral heterogeneities. The simplest way

of all the amplitudes in (2) determination is the application of Betti's
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reciproical theorem to the equations of the statical equilibrium of spherically

symmetric Earth.

Let (u®, R°) and (uj, Rj} be the solutions of the elastic-gravitational
equilibrium eguations of the laterally homogeneous Earth with the hydrostatical

initial stress, corresponding to different boundary conditions:

L (U R°) = O (3a)
e 9.
{i {uy RP) = O (3b)
where 3%
. 3 -+ + 3V ik
i U, I = I - { [
Ly {u, R} o 3%, (R + (u, W) div u Exi * g Xk (3c)
Ju 9 u
N i k -+
Gik = §§:=% 3X§ + X div u 513 (3d)

P, A, 1 - density and Lame's parameters, V - the potential of a EFarth in the

initial state, 5&% - Kronekker, s symbol, R satisties Poisson’s equation:
o s
AR® = 4wy div (p u®l); (4a)
9 -+
ARY = 4wy div (p u”l; {4p)

A - Laplace's operator, X - the gravitational constant. Then the work of elastic

~gravitational forces Lifzeg R®) on the displacements ﬁjj, Qj) is equal to the
work of forces Li (Sﬁg Rj}
™ o &

g
on the displacements (u®, R®):

¢ 4
Euj L, (G°, R®) - u® L, (U7, RjBE dv =

e/ o i1 i1
D 5B
. X .
f}ﬁsag 0%, - ul g jé +rIpe —repdyas = 0, (5

where v is volume which cccupies the Earth and s its surface.

Further we shall use the length unit which is egual to averaged Earth's radius.

Xk J Xk
© e
ik 7 oM %% T

(here and further we use iterational sum rule) determine the forces which act

Then v, s are the unit sphere and its surface. The components

on the Earth's surface. We suppose that these forces are determined by some
boundary conditions for solutions (u®, R®) and Eujs Qj}g Pj, r® is the value

of a simple layer on the surface which is determined by the boundary conditions
too. The values P°, Pj are connected with the outer and inner derivatives of

wpd

R®, RY and with the radial components H®, HY of displacement ‘n the form:
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o___l_ o9 _ POy - ' °
P 4Ty [Rinta Ro t. 4mxp H®Js
(8)
34 gl S J
P 4wx (Rints o ut. Amxp H7J.
The equality of a volume integral to zero in (5) is a trivial conseguence of eq.
(3a, b); the second part of this equation may be proved with the help of partial
integration of a volume integral / S.M. Molodensky, 1977a /. The equation (5)
for the surface integral points out to the existance of connections between
the solutions which are determined by different boundary conditions (the connection

of Love numbers and loading Love numbers, / S.M. Molodensky, 1977b /).

Let then the solution (u®, R®) describe a statical tide in the lateral-
ly homogeneous Earth which is genesrated by the potential (1). Then

Xk
° = [
ik T 0s
(7)
pe = 21y (q)
4ty e

Let the operator L has a small variation 8L corresponding to the change from a
laterally homogeneous to a heterogeneous Earth model. Then instead of (3a), (4a)

we have for the perturbation of the solution:
6L, (8°, R®) + L, (80, 6R) = Os (8a)
ACSR) = 4my div (8 p U° + p & U, (8b)
where 6 ug 8§ R - the variations of the solutlon Then the connection of type (5)
for the pair of (6u, SR} and [uj, RJ) may be obtained by excluding from (5)

Li (60, 6R) with the help of (8a) using the boundary conditions and the connection
(Bb). Finally we get: / S.M. Molodensky, 1977 a /:

X
:gtéu cJ -4'1 « s RPI) gs = £ (8p, U, &M (9)
8
where
Fl(8p, Su, 60) = fou®, VRI) « ud oL, [u R°) -
U
i + k l -~ 8\ div u div uJ dTt;

8
* Xy 3xi Bxk
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8 Lio‘is a8 variation of i-th component of the operator L connected with the

density’s variation.

Determining the auxiliary solutions (uj, RJ) in (9) by different bduh=
dary conditions we can obtain the serched values 6 3. 8§ R in every point of
Earth's surface..

Indeed, suppbsing
S 3=,

(11a)

3 X, X4 810-05) 8(9-9)
ik r ir sin ¢ *

(where €1 is a unit force which is normal to the surface and acts in the point
with the coordinates (60‘ ¢o]): and then integrating the left side of (9) with

respect to 6, ¢ we obtain:

. gd
Gur (60, ¢D] FY (8p, 8u, 6X) /je1,

where Su_ is a radial component of U on the surface. By analogy, determining

3 X - -
Uik ~ by the unit tengential force, we shall obtain Gutangential (00, ¢O),
Finally, putting

3) 3= 3,
ol Xk g, | (11b)
ik r

pd g‘Po'G(G-GO] S(9-¢5)
sin ¢

o
we obtain

e S
BR(6,, 0) = £ (B0, du, BN/,

~ The solutions which are determined by the boundary conditions (11)
may be obtained numerically by means of development of & - function into a
spherical harmonics Y: (6,¢) integrating the equations of the statical equilibrium
of the laterally homogeneous Earth for evéry n-and summarizing the obtained
solutions, completely in the same manner, as it is made for the calculation of

the oceans influence upon.the tides / Pertsev, 1976, et al./.

Then the substitution of every spherical harmonic into (9) determines

one coefficient of development of tidal displacements or potential variations.
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Indeed, putting [uJ. RJ] in the form

3] Xg m 3 Q3 m :
ui Hn (r) = Yn (6,¢) + Tn (r) 3Xi Yn (6,0
. (12)
Ry =R (o) Y" 0.0
n n
we obtain:
3 X, Ld oy oy 3 gy B ym ,
Cik r/S Nn (1) = Yn (6,9) + Mn (1) oY Yn (6.,0):
i j i (13)
] Ln (1) + (n+1) Rn (1) m
P /s = v Yn (6,9)
where, following the'notations / M.S. Molodensky, 1853 /,
O I x(? ) - ﬂiﬂlil-Tj>;
n n r n 2 n
Wyl s -2 ), (14)
n. n" . N r n
"j=2'jv_ j,
/Ln T Q(Rn] AmXe Hn)’
r/_ =a=1

Defining the‘auxiliary'solutions by the boundary conditions:

e R
1) j=1 Nn 1)

= 1y Mj (1) = 0; Pj (1) = O
n n

2) 3=2 NY (1) = O m (1) = 13 pd (1) = 0y
n . n n
) . .

3] 3=3 NJ (1) = 0 My (1) = 0; pd (1) = 1
n n n

substituting (2), (13) into (3], we obtain after integration over the angular

variables:

m,* , ‘o
Hn (1) if J=1
F (e, e M) = L T () i =2 (16)
nim ? d n aE :
&
RT (1) if 3=3
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where

0
i

m 2 _ 2me (n*+m)!
5‘5‘ (Yn (G,d)]) ds = (2n+1) (n-m)!

ef
(16a)

9 if m#0
0 if m=0

2. S0, both the tidal displacements and the variation of the potential on the
Earth's surface are determined by the values of integral (10) which must be
calculated for thevvarious n, mand j = 1, 2, 3. The relation (16} is correct
for the arbitrary variations of 8p, 6A, 6u. But the effect of density’s lateral
heterogeneitieé cannot be exactly computed, if we know the density’s heteroge-
neities only. Indeed, 1f the density has a laterally heterogéneous part, then
the initial stress is nonhydrostatical and the operator L obtains the additional
terms, connected with the initial stress field / Dahlen, 1972 /. Thus the
variation 8L: p in eq. (10) contains 1) the known terms, which are cocnnected
with the density's and gravity'’s variations and 2) unknown terms which are

connected with the initial stress field.

The relative accuracy of modern tidal measurements is less, than the
average vafiations of density (estimated on the ground of gravity anomalies).
Owing to this the lateral heterogeneity of density may be neglected in the
first approximation. Further we shall consider the effect of parameters A, u

only.

Let’s write (10) in the form convenient for the computations. Following
the method which is used in the eigen-frequency theory, let’s present the

lateral heterogeneity in the form of infinite spherical harmonic series

o
sute, ¢, r) = E E ne ptod YR (6, s

2=1 p=-2 (17)

©o

2
8 A LB, ¢, T) = E E A g ptt) Yo (6. ¢).

.2:1 p:—z

Then the part of (10}, which is connected with 6\ comes at once to the integral

including three spherical harmonics:

. .
J _ (r)
SOV s‘ﬁ'[z Agp! °@"o [rg?_' ().
: 0o 0

1 n=-
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m
. YP e, Yno (0,6) Y (e, qn} (18)
(s}
- [r]
4 , 7 fpnmn_m e“zy (r).
=1 p=-% °°
TP ) dr,
2/ n
where 2 n (n +1)
G) vy = o2 - 22T
=N n TN 2 n_s

8] s} s} r o

OB vy = 1y« 29 - ninttd 4],
n n T n T2 N

v _ .
div u® e;@%(r) Yho (6,0); (19)
(] 0

div o Qﬁg (r) ¥ (0,);

| m
- ! n] m o
é§$Y2 (6,0) Yn (6,9 Yﬂ (6,¢) ds.

s )

A
Rpﬂmnsmg

For the integrals (19) there are the analytical expressions / Edmonds,
1957, Luh, 4974 /. We shall not give this expression here because of its
urwisldity. It must be pointed out only, that (19) is equal to zero if the
indexes 1, n, ng do not satisfy the triasngle inequality. Thus, in (19) the index 1

has in fact five values only:

1= n-2, n-1, n, n+1, n+2
The index p has two values only:

=M - m 3 =m+m
p 5 p o

S0, every partial wave in development (2) depends on ten coefficients sz[r)
only.

If the development (17) is finite (1 < 10, where 10 is some fixed
value), than the series (2) do not contain the terms with n > 10+2e

To calculate Fim (Su) let’s introduce some new variables hj tJ

n
with the help of which we shall write expression {12) in more compa ct form:
1. 3 2
uy = hn (r) Xq W * tn (r) 3Xi (20)

where w: = " YE (8,4). is the harmonic polynom of degree n which satisfies the

st mme e
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3 o (1)

L n wms
Xy Xy n’

hg. tﬂ are connected with Hi. Ti by the simple relations:
Hj n Td
n n

J . -
hn n+q n+2
r r

13 (22)
¢d -0
n _n

In this notation we obtain:

ﬁéj 3u3 X X [tj]'
i - 3y K m 3 o 3 n
3Xk + 5;; 2(h ) ——;r-mn + 2 he 61k fh e —

m m J m.
(xi Vk W + Xk Vi wn] + Ztn Vi Vk w s

[+ [+] j j
9 uy . P up 9 uy . ] UK
9 X P X4 ) Xk P) Xy

J =1
an [Guj 2

m ;g 5. s R e A
R w®=l2tnd) r W'+ 2rf h W e 2 hd s 2 rf W' e
no nor n n n

n n r n
J m Jys J m
2R Xy X Vi Vk w |t hn 2[h I'r m + 6 h Low
J (tg]} mb je2 m
+ 2 hn + - n'w + 2 t v w_ + (hn + t /r).
~ , o "a

m m s X X
(x. V. w 2. X, V, w %) hY X1 Xk W' oe hd ot 8, o+
i 'k n k 1 n n r n n n ik

0 a]
(t9)°
RN n m m J m
* 2 hn ¥ r (Xi vk wn ¥ Xk vi wn] ¥ tn vi Vk wn] *

mo J Xy Xk m j m
+ t V. V, w 2(h°) —— 0w + 2h” w_ §,, *
ne i k n n r n n n ik

(td)
hd o+ I

n r

+

(xi Vk w: * Xy Vi w:] + ti Vi Vk w:] .

Using the relations (21), we get:

m m
. a] m, _ o m,
(xi Vk wnD] {Vi Vk wn] = Vi [Xk Vi wno Vk wn]
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m V2 mo mo m mo
-V w, 0% T S PN 8, ) = (-1 (V. ¥V )3
w] [n] ]
m ‘ mD mD m
Oy Xg X V4 Yk @ T Vi “n X1 Xk w,) -
Mg m m m
- Y “n,, (X X Yy 8y % 3 X W * Xy By 8y) T
m : m m
= Vi n_w® ¥ wl-nn w w -4n o ow =
n
i o o
m m m m
_ o m 2 m o _ _ m
= 3 n CR W, oowow +nnw W =n_ (n 1] W, W
[a] (s} [} e}

m m
p m 0 (2} (r) p m o (3] {r)
* Wy (v w v W, ) fnn Lp * Wy Vi Vk O Vi VK W fnn L p dv,
o ) 0 o
where
(r) . .
Mg r) s 2w 12 iy e s r) o e
nn 2 n n n n
o r o o
5 Ct%]' . £
srhlht +nrh hi +—2—)+n r (h9) (h + —02) «+
o o n no r (23)
_ n_(n_=-1) .
s 0ot e d 0 thdy e +a3ndn e
ng " n o nong
Coedy CRISL (£ ) (¢d)
+ nh h‘J-vl-m'l__ + n h‘j h +mu—u9m§+—-h PR 1 - hJ+ ﬂ‘;
n0 n T o n no T /i 2 nO T n r ’
(2 . () w2 the g £
¥ p S R o+ =T s
nn L n r n r
o r o j
S t! . (£
n
+ 2(n=1) t2 h_ o+ £ 2n -1t hY o+ —e
n n o n n r
o 0
(3) X (r) .
£U00 (r) _ 2uip h
nn_p = T tn tn
r o
We have further’
C .., ., - m i
_Fl’iJ lplf} P ™ w O gy = A r52,+n+n0+2 ‘F“) (r] dr, (24)
nn 2 "n n, pnmn_m nnoﬁp
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where Azpnmn m

is determined by (18). The integration over the angular variables

is somewhat fofe difficult in the second and the third terms of (22). For their

calculation let's first calculate the integrals

o 7o
m
Ig’p (1, j:»p v w':, v wnol dv

n_m nm JJoJ L
oo v o
o 7o
and .{ m
Sl ' p (2] _ p m, o
»  Inmom SJJJ9y Yy Ty 00 Vyow v
, . oo v o
e R L p (1)
Paptially 1ntegrating In i i and using (21) we obtain
S b . o0
Ikp 1 Inomo (1) = n A (25)
g monm Lpnm 2pnmn0m0

and “two other identities which may be obtained from (25) by a transposition

of wz, w 5 Z. Solving these equations, we obtain:
pC1) _ 1 _
Inmn " 5 (n + g L) A%pnmn m (25a)
oo oo
’ p (2)
Partially intsgrating In m nm® Ve get
oo
(3)
o (2) _ Mo ~ "o
I nm X4 (wl Vi w v, Vo ©) ds Izpnm ,
oo 0
where nm_ (3) J:g m
IZp nm Vi w2 Vk w V V w .
v e
Using (21), we have:
Mo Mo Mo "o
Xy V V w, o= Vk [xi Vi W, ) - Vi W, Gik = [n0—1) Vk W
"o o o o
and '
m Mo . p m Mo
j:fxi 2 v K “n Vk,wno ds = [n0—1) wy (v W v wno]ds = (n0-1)(2+n+n0+11 (27)
s
Ip (13 l-(n -1)(n_+n-2) (L+n+n +1) A
nmn_m 2 o o o Lpnmn_m
oo . 0o

nm
After the partial integration of Ilgm: we obtain:

nem_(3) m
Tt Toonm =5§ Xg Vg wp (V W, V w O)ds = L(Lenen +1) TP
S .

Lpnm fpn m '3 n n o n_m_nm.
_ 0 o o , oo
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Making a cyclical transpdsition of indexes (1, p) + (n, m) =+ (no, mo) in this

relation and solving the obtained system of three equations with three variables,

we get:
“n_m_(3) ’ ‘ nm (1)
1,287 w1 (henen s1) (o T2 0 e 8 Iﬁgg"; enpnt)
prm pom oo PRyMa
or, substituting (25a),
n_m_ (3)
1,° © . -1 (Len+n_+1) fnz-n2=22+2n£).
Lpnm 4 o o}
(28)
A
‘ &pnmnamos
Substituting (27), (28) into (2B), we obtailn:
Ip(2) A pinen +1) (n_+n-2).
nomonm 4 0 s}
(29)

o(n_+n-2-2). A

0 Lpnmn_m

oo
With the help of integrals (25a), (28) we can integrate (22) over the angular
variables, taking into account that a radial part of the function which is under
the integration in (22), (28) is homogeneous polynom of the degree 2+n+n0—2 or
L+n+n_-4.
o
If we denote

I-= rN X(0,¢) dv,

then, obviously

| 1
Lrir) £ xo,9)av = (N+3) 1 ﬁg ) £ dr.
/ , a]

v

Using this relation and the integrals (25a), (29), we obtain:

1=UL+n+n +1) (n+n -2). A
2 o 0 lpnmnomD

1 (30)
Eg F(Zj (r) r2+n+n° dr:
nn_2p
o] o

(3]
ik 'k ¥ nnDQp

1 (31)
(3) Len+ng-2
§ anoap(r] r Q dr

0y #12) (1) av =
n nn_p

(r) dv = & (L+n+n 1) (2+n+n_+1) (n_+n-2) (n_+n-£-2)
4 o 0 0 0
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and finally we lead the expression (22) to the form:

J Y = _
-F~  (éu) = A
nm == ipnmnamﬁ
grz ) (r} « w’€ Lentn_+1) (n+n_-R].
{ ﬁﬂ QQ 0 ) o
(32)
2 ry w X tgenen 1) (Renen 10
ﬂﬂgﬁ@ 4 o o
. .
(nen =23 (n_+n-2-2) e #5370 (1)
o o ?2 uﬂgﬁﬁ

Sag<F3 (6u) as well as Fi (8)) is expressed from the integral (18). It means that
sum 532} as well as (18) in fact contains no more than ten terms (2=n-2, n-1, Ns

n+1, n+2, p=m-m_ Or p=m+*m_J.

of 8ulr,8,9) (17) does not contain the terms with £ > Raa

For the large values n all the integrals (19) decrease to the Earth’'s centre
as rﬁg Tt means that the waves of a high order are dependent upon the lateral
heterogeneities in the layer which is close to the Earth surface and has an effective
thickness a - 1 %-%5

In the simplest case £ = p = 0 the relations (16), (18), (32) fJetermins
the dependence of Love numbers upon the small variations of the density and Lame's
parameters in the spherically symmetric Earth. In thils case the relations obtained
here coincide with the appropriate relations /S.M. Molodensky, 1876/,

3. Up to now we considered the amplitudes of the statical tides on the
surface of the laterally heterog ous Earth at some fixed momentum of time. Let's
diseus: the consequences of the obtained results for semidiurnal, diurna. and the

4

zonal tidal waves. Accounting the dependence upon the time the tidegenerating potential

(1) may be presented in the form:

m
Vv o=V (Z) 9P 9 (cos 0) cos(of - m o) =
20 a o o
(33)
n m -m
=V =) %y ° (6.4) cos of + Y ° (6,¢) sin of
en n, o -

where t - time, o - angular frequency of the tide,

m_ m
Y © (8,0) =P ~ (cos 8) cos m_os
n n )
) 0
-m
o . 0 .
Y (6,91 = P (cos 9) sin m_¢.
o N, o

In the case of the zonal (mg = 0) tides the expression (35) differs from (1) by the
multiplier cos of only. The non-perturbing solution (u®, R°) differs from the statical

one by the same multiplier. Assuming that the auxiliary solutions (w, RI) don't
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depend upon the time as well as in (12) from the relation (9) we obtain that the
values Su, 6R/4 are dependent upon the time as well as cos ot. So, the tidal waves
which are gensrated by a zonal (longperiodical) tide-generating wave have the same
phase and frequency on the Earth's surface as the tidegenerating potential. The
lateral heterogeneity is manifested in the dependence of the factors §, y upon the
point of measurements on the Earth's surface only. After the calculation of the
coefficlents Hzﬁ {a), R:ﬁ (a) with the help of the relations (18), (32) and (16)

the dependence of § and y upon 8, ¢ may be determined by the simple way:

_ me _n+1 om® m .
A& [9;¢)] = EHH [a] 2 Rn [a]} le (es(b)a
(34)
_ m® o m® m
Ay (8,¢) = E%n (a) Hn [a]j Yo (6,07,
"o 3 2. 1
where YnO (0,9) = 5 cos 6 - §=in case mD=Dg

T+ the dependence of § and vy upon 6, ¢ is known from the measurements it is possible
to put the inverse problem: nemely, resolving Ag(8,¢), or tilt (6,¢) into the series
of spherical harmonics, we can determine the coefficients Hm* (al, R:$ (a), which are
aqual to Fj for j=1 or j=3. Then it is possible to solve the equations (18), (32)
"aﬂd te éetermine the coefficients Rlp(r] p(r)u Then every value of FJ gives one
integral (with respect to r) condition on serched coefficients. The Cholce of an
initial meridian is obviously unimportant: the coefficients AQD(F]S uzp(r] are deter-
mined in the same system of coordinates which we choose for the development of
§(0,9), v(0,0). .

Let’s consider now the waves which are generated by a diurnal or semi-
diurnal [m023§2) tidegenerating potential.

The amplitudes of the tidal waves are determined in this case at every
fixed momentum of time by the same development (2). However, the disfiguration
of the tidal bulge by the lateral heterogeneities agd the rotation of the tidal wave
in case m # O leads to the new effect - the influence of the lateral heterogeneities
upon the phase lag. For its estimation let's write the solution of the statical
tidal equilibrium equations for the spherically-symmetric Earth corresponding to the
tidegenerating potential (35):
= if%fb (r) (YmD (@,p) cos gt =+ ngo (6,¢) sin gt + Tmo(r] {cos ot v Ymo (B,¢) +

rong n,o ng ng n,
-m 1

ain 0t V Y ° 0.,9) |

o |

(35)
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: m m -m S
R® =R (r) |¥ 7 (8.4) cos ot + Y 7(6,4) sin ot |.
o (o] o

WB shall assume the suxiliary solutions (uj, Rj

;ime. Substituting (35), (12) into (10), we obtain:

}J to be independent upon

'ngi

)
- (ax, 6u. t) Fim (56X, 6u) cos ot + FiéZ)tﬁl, Su) sin ot =

[{ SR pe— ; (36)
| Fbm , (6A, Gu) 1+ tg w cos (ot wnm].
: CGA Su) is determlned by (18]}, (32] for m, = 1 or 2 and F£;2][61, Su)
ned;b“vthe same relations for m m, = -1 or m, = -2, consequently,
O
 vtg w g =) L (37)
Fom

o ] ,,37,,fwe can see that the phase of every partial wave differs essentially from
'“_T‘fphass ‘of the tidegenerating potential. Indeed, the amplitude value of tidegenerating
"pratential (33) on the initial longitude (¢=0) corresponds to the momentum of time
 t = 0, The coefficients Fj (which are connected with the displacements and the

potential veriations in accordance with (16) have an amplitude value at the momentum

wnm

t & —

o

‘Thevvalue wﬁm is not & small one in general case. For instance, in the simplest case,
‘: when the 1ateral heterogeneities in (17) are presented by one term only with £ = %4,
P = p,, we obtain from (18), (32):

A
20pnnMmng -mo

te wnm
£ p _nmn_m
oo oo
HVThishratidwaltérs from 0 to # » for different n, m, 20, Py and does not decrease when

A decrease. The small value of the whole phase lag is a conseguence of the

L p’ Ys oP
‘smallness of the partial waves amplitudes, but not the consequence of the smallness
‘vaf the phase lag for the partial waves. So, we may assume that phase lag in general
”vifcase is the value of the same order of smallness as the ratio of the partial waves
'>~écamplitudes to the amplitude of the principal waves and the variations of the factors
8, Yy on the Earth's ‘surface.
_ Summarizing the partial waves (2), it is possible to determine the whole
_ ,;ya;u$5‘eF the amplitudés and phase lags on the Earth's surface. For the tidal varia-
 f;£tipn$ ¢f5the gfavity we obtain:
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2V
2o

a

m
hg (0,¢) = - S PﬁD (cos 8) cos m0¢ * Xy (68¢)E cos ot +

e (38)

F m
o .
éf, Pﬁg (cos 8) sin m ¢ + X, (9,¢)E sin Uti s

where
< X (3=1301) _ n+1 (3=3)(1) m
x@ (0,9) T an ) an Yn (6.9)s
. J (j=13(2) _ n#1 (j=3)(2) m .
xz (6,4 an 5 an Yn (0,¢);

C is determined by the formula (16a).

For the tilts the value 2V,,/a must be substituted'forc?ay, where(P0 is the tilt'’s

amplitude on the surface of an Sbsolute rigid Earth, v = 1 + k - h, and the values
LY

Xq° Xz must be substituted for Xq° Xoo wherse

¥ -1 Loym (3= _ =10y
X, (8:9) Y (6,9 Ean Fo }
(39a)
" ) m . (3=3)(2) _ _(3=1)(2)
Xy (0,6 =§=n YD (8,4) Ean Fo j

With the accuracy of the order of Xq° Xo» %1, %2 the expression (38) may be pre:ented
in the form:

2V m
6g(0,0) = - uigg Ee, PﬁG (cos 8) + a(6,¢]] . cos (gt - m ¢ - B(6,4),

o
where

a{8,0) = X1(8,¢] cos ma¢ * Xp (6,¢) sin m0¢:

cos mo¢ x2i9,¢) - sin m0¢ x1(6.¢)
m -
§.P 2 (cos 6
n s
o .

B (6,¢) =

and by rnalogy (after the commutation of é‘vﬁf on‘%%y, X4 on %1, X5 ©n ;2 ) for the
tilts.

So, the amplitudes and phase lags for the diurnal and semi-diurnal tidal
waves are completely determined too. As well as in the case of zonal waves, the choice
of the initial meridian in the development (39) is determined by the choice of the
initisl meridian in the development of the lateral heterogeneities (17).

I the functions al6,¢), B(O,¢) are known from the measurements, it is
possible to determine x1(65¢]. x2{68¢)[0r %1[6,¢), %2(6,¢)] with the help of (41)
and then, with the help of (39) - to‘determine the coefficients Fg;1), Fi;ZJ for
=1, 3. Then the relations (18), (32) as well as in the case of zonal waves may be
used for the determination of Azp(r), ugp(r),

In the case of diurnal and semidiurnal waves the information about the

Earth's lateral heterogeneities give not only the amplitudes of the tidal waves, but
the phase lags too.
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LE CALCUL DE L'EFFET DE CAVITE DANS LES MAREES TERRESTRES

L.E. KHASSILEV

1. INTRODUCTION

La dispersion considérable des caractéristiques de marée de la
crofite terrestre y et A¢ et des nombres Love et Shida h et £ apparait dans
les résultats des observations dans les galeries et les mines a l'aide des
clinométres et les déformographes. En interprétant ces observations, on explique
ordinairement cette dispersion par 1°'influence de différents effets indirects.
En 1973, King et Bilham {5} ont émis 1°hypothése d’'une altération des incli-
naisons de la crolte terrestre enregistrées par la courbure des murs de la
chambre dans laquelle les appareils enregistreurs ont été installés. On appelle
ordinairement ces perturbations "effet de cavité”. On connait quelgques séries
d’observations qui confirment cette hypotheése qualitativement, par exemple
{6,7}. Les résultats de calculs précis des valeurs de l'effet de cavité pour
les chambres sphériques et cylindriques sont publiés dans 1l'article {8}. Les
résultats des calculs suivant la méthode des éléments finis pour une chambre

ayant une section carrée sont publiés dans l'article {s}.

Dans 1'article présent nous avons calculé d'une maniére analytique
'angle de l°'écart de la normale et des déplacements le long de la limite d'une
galerie horizontale. Les sections transversales avaient des formes de trois
rectangles, d'une volte et d'un demi-cercle. Qutre cela, nous avons calculé les
corrections de ces valeurs dues & 1'influence de la surface libre de la Terre.
Les méthodes de calculs que nous avons utilisées sont exposées en détail dans

les monographies de N.I. Mouskhelichvili {1} et de G.N. Savine {2}.

Nous considérons la crolte terrestre comme un COIps homogene 1iso-
trope élastique caractérisé par les constantes de Lamé A et u. La longueur de
la galerie est beaucoup plus grande que ses dimensions transversales. Nous

-

considérons le probléme d"élasticité & 1'approximation statique.
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2. LA METHODE DE CALCUL.
caloul nous utiliserons les coordonnées rectangulaires :
l'axe X, sst

é perpendiculairement & 1'axe de la galerie, 1'axe X2 verti-

vers le haut st 1'axe XS le long de 1'axe longitudinal de la galerie
(fisure 1). Nous admettons la dépendance entre le tenseur des déformations de
&
0od, K 1, 2, 3

, et le tenseur des tensions de marée 9.k suivant
v un corps solide isotrope. Nous pouvons poser gque les
rmations ne dépendent pas de la coordonnée XB parce que la
g le long de 1'axe XS gst trés grande en comparaison de

transversales. En utilisant cette hypoth&se on peut montrer la

composante du tenseur de déformation €33 sur tout le plan X1,

nous obtiendrons pour les tensions 0497 Ooo et 912 un systéme d'équa-

de 1°'élasticité. Les conditions & 1'infini et les condi-

iibre de la section transversale de la galerie

ot
o
2]
©

(pressions des tensions & deux dimensions O4q° Onp»

‘nction des tensions (fonction d'Airy). Ensuite, repré-

biharmonigue des tensions & 1'aide de deux fonctions régu-

1a veriable complexe 2z = x, *+ ix

°
H

1 2
3 F . o F \ = e
VA X = P(Z) + 7 ¢'(Z2) + ¢(2Z) (1)
T A, -
i 4
Ici le indigue la dérivée par rapport a z, z = Xy " ixzo Les conditions
iimites & expriment sur la surface libre :
3 F ., o F
v - 137X = const. (2)
" 2
A une wce de la galerie beaucoup plus grande que ses dimensions, les pertur-

dugs & la galerle disparaissent :
', o.,, >0, o, >T (3)
12 22 : 11

fonctions ¢ et ¢ & 1'aide de 1'éguation (1), des conditions

1a condition & 1'infii (3), nous utiliserons la représen-

on

’.J

tation conforme de 1l'extérieur du cercle unitalre sur 1'extérieur de la secti
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1, BB%-4) 1, (8%-ay(s g%a)
-==n3a 89 “‘“5’ 7 ® 0 e (4]
: : 896 ¢

‘Z:m(i}:{: E¢§E+

Le parametre § détermine la relation des c8tés d'un rectangle : quand 8 = 1, 0,
-1, nous obtiendrons approximativement la relation des c6tés 3,2:1, 1:1, 1:3,2
respectivement. Les représentations conformes pour les sections & la volte et

du demi-cercle sont données dans la monographie {2}. Dans le plan de la variable
complexe £ les fonctions ¢(w(€)) et ¢(wl(E)) seront réguliéres hors du cercle
unitaire. Alors, on peut les représenter ici en séries de Lasurent. Les coeffi-
‘cients de ces séries sont déterminés & 1'aide des équations (1 - 3), si nous
posons less coefficients des puissances £ de 1°'équation (1) égaux & zéro et

résolvons le systéme des équations linéaires obtenu.

Déterminons ensuite les déplacements élastiques & la limite de la
section de la galerie, en utilisant la formule de G.V. Kolossov et les conditions

(2)

0(7) - =2 e 7 (5)

. A+ 2u
24 =
T S0wn) £33

1 2 wO )

Pour trouver l'angle de la déviation de la normale n quand la limite est courbée,
calculons la différence entre les angles d'inclinaison de la limite avec des

déplacements et sans déplacements

d(X, + 2] d X, A+ 2u 1 N
n = arctg ————— - arctg — 1 ' (Z) - ¢ (7] (6]

d[X1 + @%] d X1 pla+ul) 21

i

3. Lot CORRECTIONS DUES A L'INFLUENCE DE LA SURFACE DE LA TERRE.

Nous considérons la distance du centre de la galerie & la surface
libre comme plus grande gue ses dimensions transversales, mais plus petite gue
ses dimensions longitudinales. Nous trouverons par la méthode des approximations
successives les corrections des fonctions non-perturbées ¢(Z) et ¢(Z) dues a
1’influence de la surface de la Terre. A grande distance les fonctions non-

perturbées sont égales asymptotiguement &

6 6

A
01 = ~ 717 + sy, iz = STz o+ 24 0l (7)
4 Z 7 2 7 7
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Nous obtenons la premigére approximation de la condition limite sur la surface

de la Terre :

P o+ w1 +7 (9" + ¢%J + 9+ ¢1 = const (8)

' ai la surface de la Terte est & la distance h de 1l'origine des coordonneées,
alors z=z-2ih. Partant de ce gque les fonctions de la premiére approximation c]>,l
et ¢1 ne peuvent pas avoir de singularités plus bas que la surface de la Terre,

nous. trouverons

)

62 : 91 2 61 + 62 2 01 Z.

$,@2) = -5t meam? 0 W) T T T TR T Tz (9)

Prés du périmétre de la section transversale de la galerie, posant la relation
lZI/h beaucoup plus petite que 1'unité, nous trouvons :
=L (3 +3 A e’ _(4% +3 A
¢, = (61 + 62] +*ol=) - U, (40, + 82] + ol=5) (10)

4 n? h? 4 n? 1 h

Nous trouverons la seconde approximation qui n'a pas de singularités hors

1’orifice, partant de la condition‘sur sa limite :

P I T T T ——5 (48, v 8+ =5 (8, v 6, * 0, 0 0
(11)

En utilisant la représentation conforme, commg nous 1'avons exposé plus haut,

nous trouverons les corrections dues & 1'influence de la surface de la Terre.

4. LA DISCUSSION.

Les angles calculés des écarts de la normale n et de la perturbation
des déplacements horizqntaux A #, dis a la présenﬁe d'une cavité sont donnés
dans les tableaux 1 et 2. Pour 1l'uniformité de 1'exposé, nous donnons dans ces
tableaux la valeur A-gg'qui détermine les perturbations des déplacements verti-
caux

B = 2 (A + u)
sz-Aaz *'—Tjjfﬂw q)%a
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, . . B A+2) B ) .
Ici, nous introduisons g R EveTy eq1 + 0 533 qui est déterminée par les
composantes du tenseur de déformation €41 et €33 théoriques ou mesurées et par
le coefficient Poisson ¢ = ET%:;TE La valeur a est partout la moitié de la base,

H est la hauteur de la section. Le commencement de la lecture se trouve dans
1'angle gauche inférieur de la section. Si la réflexion des points par rapport

84
a l'axe vertical de symétrie d'une section sont symétriques, les valeurs n et

i) % changent de signe, et la valeur A #, ne change pas.

Nous avons calculé les écarts de la normale en milli-secondes d'arc
et les déplacements en microns pour montrer les valeurs de l'effet de cavité
pour 1'onde Mz dans les galeries & sections carrées et & sections en voiite
(fig. 2 - 5). Nous avons adopté : pour les calculs, une galerie orientée E-W,
a4 la latitude 49°, le nombre de Love h = 0,617, le nombre de Shida ¢ = 0,080,

la moitié de la largeur de chambre a = 8m, le coefficient de Poisson ¢ = 0,11.

La particularité principale de 1'effet de cavité est 1l'insigni-
fiance de la déviation de la normale sur le c8té horizontal de la section par
rapport au cdté vertical et l'existence de quelques points sur le c6té hori-
zontal ol l’effet de cavité pour les inclinaisons devient zéro. Dans les galeries
& section allongée horizontalement, 1l'effet de cavité est plusieurs fois plus
peti£ que dans les galeries a la section allongée verticalement. L'efiet de
cavité perturbe essentiellement la composante de déformation & travers la gale-
rie. Dans une longue galerie loin de ses extrémités les composantes des incli-
naisons et des déformations le long de la galerie ne sont pas perturbées par
1'effet de cavité. L'influence de la surface de la Terre sur l'effet de cavité
diminue en raison inverse du carré des distances du centre de la gal rie a cette
surface et est égale & peu prés a 10 %.de cet effet aux distances de la hauteur

de la galerie du plafond de la galerie & la surface terrestre.

Pour conclure, ce nous est un agréable devoir de remercier le
licencié des sciences physigues et mathématiques V.G. Balenko et le licencié

des sciences techniques V.G. Boulatsen de leurs conseils utiles.
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c)

a) b)

d)

Fig. 1. Sections transversales des galeries :

a)
bl
c)
d)
e)

carré

rectangle de cdtés en relation 3,2:1
rectangle de cbtés en relation 1:3,2
volte

demi-cercle.
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THE EFFECT OF INERTIAL FORCES UPON EARTH TIDE OBSERVATIONS.

N.N, PARIISKY, B.P. PERTSEV

Observations of tidal variations of gravity and tilts of the
Earth's surface are performed upon & rotating and deformable Earth. In view of
periodical displacements of the observation station due to tidal forces of the
Moon and the Sun the gravitymeter or tiltmeter records not only the Earth tides,
but also the inertial forces of relative motion, variations of the centrifugal
forece and the force of Coriolis. These forces are small, but the present
everincreasing accuracy of tidal measurements makes it necessary to take into
account the effect of inertial forces for geophysical interpretation of the

" results of observations.

The effect of vertical relative accelerations upon tidal gravity
recordings has been discussed previously (Pariisky, 1960],

But besides vertical displacements all points of the Earth's
surface undergo horizontal periodical motions. These displacements are also
of tidal origin and can be presented as motions along the meridian and the
prime vertical. These motions, occuring on a rotating Earth, give rise to Coriolis
imerticl forces which affect not only the readings of gravitymeters but also
tiltmeier recordings. Besides, the vertical motions and displacements along the
meridian lead to variations in the distance of the apparatus from the axis of

rotation and thus to changes in the value of the centrifugal force.

The observed value of the gravity factor ¢, QSD is equal to

where Ag. and 5? are the unknown values of Az and &, Ago - the tidal variaticn of
the force of gravity for a rigid Earth, and Fiz - the vertical component of all

inertial forces
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The tidal displacement of the point of observation is determined by vector
5 = Ul + V] + Wi

where 1, 3. k ars unit vectors in the south, east and vertical directions
respectively.

This qieplacement, as we know, can bs expressed by the tide-

generating potential W£M) and Love and Shida numbers h and
(my (m)
: ‘.& ,3Wn . i"‘ . - awn 3 +b_ w(m)‘ .
g o0 g cos & A £ n
where
wml ¢ LA, coslo,t ¢ ), + mA)
n nm g 4 i i

i - is the wave index. Ai' Gi and xi are tha amplituda, frequency and phasa,
given in the tables of Cartwright. -

For tidal waves of the second degrees (n=2) we have:
a} for semidiurnal waves |

£ -3 2
me= 2 K22 0 cos4
b} for diurnal waves
mow g K21 = 0 aln 2¢
¢} for longpsriod waves
me 0 Ky o= - 2003 sin?d - 1)

D is the Doodson constant
D

28277

and S - the latitude of the station. The constant D is velid for both the lunar
and soler waves., The difference is acccuntéd for in the amplitude cosfficients
in the Duodson and Cartwright tables. ; ‘

The inertial forces can now be written in the following form.

The inertial force of relative motion:

- I T T
Fir (551 Vi Wi

The Coriolis ipertial force:
| i j k
Fic = f2[éXS] = 2% -w cos ¢ 0

U;

w sin ¢
o

<

Variation in the centrifugal force:

Ficf = wZ(U sin2¢ + W cos ¢ sin #)1 + mZ(U sin ¢ cos ¢ + %fc032¢ji;v
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The correction A8 to the observed value 60 will be

Fiz 1 o 2 2
A = « w2 & e—— W - w cos ¢ V - w (U sin ¢ cos ¢ + W cos $)
Ag@ Ag@ L

Corrections to the observed values of vy(N - 8) and Y(E - W) can be received

in just the same manner.

Without reproducing here elementary and monbtaﬁous calculations
we sha?1 give the fipal formulas for determining the corrections to the values
of & fo? longperiod, diurnal, semidiurnal and terdiurnal waves and to the values
of vy for diurnal and semidiurnal waves. To account for the effect of inertial
forces the corrections AS and Ay should be added to the values of § and Yy received

from the analysis of observations,

1. Semidiurnal waves (n=2)
AS = j; ihﬁ - 4flow + wzgih - (h - 22) sin2$]
w = a um;,eﬂn -1 - - m@
Ay (N-8] g % 55 €w5 ?( ) ( 1) sirn"¢
L2r .
Sheawll o (928 g q-2d 2
Ay (E~W) - %a o €w§ il (1 -2 h] sin ¢E
2, Diurnal waves (n = 2]
A§ = ;2 ?h@z - 20w *+ w? E(h -2) = (h-22) sin {E§
2 . 2
Ay ifxtwsaﬁﬁawé .a»a:m«ﬂ ~~2m—[~—2] sin ﬂiiggb%
f«-‘wmwﬁaws “u%- »a&g— - n& o2
Ay (E-W) : EZ(‘E hl o 201 Zh] s:m(%
3. Longperiod waves (n = 2]
A§ = ”'%% J . ? cos @ Lh - 3(h- 2%] sin ¢3
| 1 - 3sin ¢
4, Terdiurnal waves (n = 3]
4
AS = - élhéh ﬁz'- 8low = u? Eh - {(h-3%) sinz%]?
3g é
In these formulas
¢ - wave frequency in rad. / sec.
w - angular velocity of the Earth's rotation in rad. / sec.

a -~ radius of the Earth in cm
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g - force of gravity in gal.
¢ - geoccentric latltude of the point of observation.

h and 2 are thes Love and Shida numbsers.

In view of their small magnitude variations in the velocity of the Earth's
rotation can be neglected.
As can be seen from the formulas separate components have different
signs and therefore partly cancel each other in the total corrections. The
values of inertial corrections for the main waves of each tidal group and selected
latitudes are given in the following table. In their calculation it was assumed
that h = 0.60 and & = 0.08.

CORRECTIONS FOR INERTIAL FORCES TO THE
VALUES OF & ANDY (x10%)

Wavea M ' K

2 1
) 0° 45° 90° 0° 45° 90°
AS -38 -34 -31 -18 - =13 o
Ay (N-8) ~-14 - B - 2 - 3 o 0
Ay (E-W) +30 +15 0 +33 +18 + 3
Me My
¢ 0° 35926 gp° o° 45° 9p°

8 -10 o 0 -48 -47 -44

The infinite values of the corrections A6(M$] at ¢ = 35926 and
A IN - S) of the diurnal waves at ¢ = 45° are the result of zero amplitudes
¢+ the waves at those latitudes. In other words, the observations at these lati-
tues 1n the freguency of the mentioned waves should show only thé inertial

effe.  and possibly the indirect effects of the oceans and atmosphere.

The curves in fig. 1 and 2 show the corrections for the main
tidal waves to 60 and Yo as functions of latitude of the tidal station.

REFERENCES

PARIISKY N.N., Correction des accélérations verticales lors des observations des
variations de marées de la force de pesanteur.
‘Gravimetrical Res. 1, Moscow 1960 also

BIM N°BS Bruxelles 1874.
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-

“RTICAL DISPLACEMENTS OF THE EARTH'S SURFACE

CAUSED BY OCEAN TIDE LDADING

« IVANDVA

rtical displacements of the Farth's surfsce

and ocean tlde loading can not as yet be measured

o
hemselves In tidal variations of gravity

in both ceses the g?%@ct of vertical
compensated by variations of the gravitational
the Earth. So that the total effects doss

relative values of separate components.

Farth's surface due to the effect of Farth and

interest in marsographic research and in high-precision

gllites and to the Moon.

th tides may be sasily calculated

h? determined Ffrom Earth-tide measure-
viich i1s due to the loading effect of ocean tides

-

mathod as the ocean-tide corrsctions to Earth-tide

the effect of a uniform layer

radius o will be equal to

Pmeﬂi €@I‘ Pﬁ (¥

the Earth, g - acceleration of the force of gravity.

- load coefficlent of degree n.

by adding the effscts of all cars covering

1w seas for which cotidal charts are avallable.
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By this method we have
Earth's surface in Europe due ©

5

frequency. According te tidal gr

,

for the indirect effect of ocean tides (Pertsev B.F.,

of the Farth's crust in this ?egiom are not

g!*

picture of the phenomenon. The calculat

charts of Bogdanov C.T. and Magarik V.A. (186
the mass of tidal water. Moreover we have taken into account the tides in the

zg—‘?l

North Sea (Hansen W., 1852] the Mediterranes

in other seas and see regions distan

On this

heen drawn.

basis a map of amplitudes of vert:
All available cotidal data up to taken into
account in the calculations. For this reason lines of equal amplitudes are not
extended up to the coastline. As can be
vertical displacements due to the loading

wave M2 can reach 10 mm even at a distance of hundreds of km. vron T .

Near the coast the displacements can

amplitudes of vertical displacem
ocean and the North sea to about 3 mm 1n eastern
sea does not contribute much to
and the Baltic are very small.

course have an influen on

of
The lines of equal amplitudes

D 11 to the Atlantic ocean.

we put hz =

45° and 50°

in continental parts of wes 5% of Earth-tide displacements.

-

In view of smaller amplitudes of Earth tides in higher latitudes the relative

contribution of the loading effect

greater. In the gravity tide in thi

of the seas accounts only for 3-4%




The amplitudes of vertical {isplacements which we have received for

are about two times smaller than those given in D. Bower's

e is explained not only by the differsnc

1t the map of D. Bower was calculated

inesq for an elastic halfspace.

vertical displacements due to ocean tidal

The total radial displacements of the surface

ars naturally represented by a sum of two vectors

52

on the difference of phases of these two motlons.

pad component can adopt all possibls

{fferent points of the Earth's surface.

that the phases of Earth tides differ very little from the

of the relatively big contribu-
the phases of real displacements

theoretical values of the

acecount of the indirect effect of ocean
lacements of the Eerth's surface. This

“mall distances from the sea gt

Numerical solution of the problem of semi-
propagation in the World Ocean.
172 n°86.

dal gravity ﬁbsmrw blons in

gin Zahlenwerts und Funkitlonen
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10°

Amplitudes (in mm,) of vertical displacements of the Earth's due to ocean

tide loading in the M, frequency

2



T ESTIMATION OF THE
ARTATION SPECTRUM

ON

function which may be represented as a sum of

do not form a harmonic sequence for the given interval

w.t + b, cos w,t) = ylt] {11
4 1 L

PRy

gguidistan

N

points of the time argument tjs

known, or is known in advance that they do

{-L, L}. The problem is to estimate “he
p

the sstimates a,, b, must satisfy the

csin w,t + b, o8 w,t) - ylt) dt = min. (2}

linear eguations :

5

5
[

i

[l PN

L
y(t) cos w,t dt (4]
J-L t

arising in studying amplitude-phase susectrum of

) are too "obligue-angled”, even for a gne and



half year interval. This is due to the fact that the tidal harmonics are vary

close

in regard to frequencies. Therefore. the estimates of a; and b,, obtained
e

by direct sclutions of these systems., are irregular.

Tn order to obiain corrsct estimates of harmonic parameters it is
necessary to have a longer interval of time [(-L, L) or to increass the accuracy
of the readings of y{tl. But these requirements are connected with technical

difficulties.

The groblem is how to trensform y(t] soc as to obtain maximum
possible information on the sought harmonic parameters for the given limited
interval of time and accuracy of rsadings. Notwithstanding the large number

of technigques evolved for the sclution of this problem it still remains unsolved.

A know scheme of transformation of the initial function is suggested
in the present paper with a view of obtaining a correct solution of the system

of equations (3).

Tnatead of the interval (-L., L) we shall consider (0, 2LJ.
Let 2Li < 2L, Ti = 2n/wi, We take ZLi such that Ti should enter in 2Li in inte-
ger times. Let us consider the following sequence of sub-intervals of time
t + 20,1, T =0, t, =0,, = L.. o= 2L - . osine
{ng tm 2L, were t1 0 5 o, t3 Zoc1 s 2L 2Ll The cosine
transformation for the given freguency Wy for the first sub-interval has the

form :

2L,

1 i
/ in ¢ \ i (o, - L é R 5 ) s w,t d
Ai sin ¢; + A, sin || 5 qu . @1 + Li y(t) co 1t t

i %7 i ‘ °

P
w
[y

“grforming analogous transformations for all sub-intervals we cbtain

2L,

L

5
. t N 5
A, sin (w,t, +9,] + §+=sa = y({t)cosw,t dt
i j i 1 j Ly i
1 i 8]

]
o
-~
o
-
~
2}
fur

3]

£ the sliding cosing transformation
t

where hk{t) is the sum of the

{

B K s

o
for the given frequency w, we have y{t} = h (
ut it is important that the amplitude and the phase sought

same. harmanics, b

harmonic remein constant while the amplitudes of all the other waves are
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supptesgeds as | sin (mi‘~ wki Li E / [wi - mK] L, < 1. Repeating this trans-

i
formation k times we obtain ¢

%siﬂ(wi - w1] Li%

A1 sin (wqtj + ¢1} toaee = hK[tj] (7)

{w, - wﬁ} Li

The intsrval of any k new function hK(t] is decreased by 2Li’ for
each stage of transformation. Thersfore, the maximal number of transformation

is entier (L/L;] for the interval 2L.

Hence, the recursive transformation gives the amplitude coefficients

(8)

Usual transformation would give such amplitude coefficients :

gin (w, - w,) K L,
= - = (9)
(w, - w,)] KL,
i 3 i

G, o,
+J

Comparison of this coefficients is shown on the fig. 1

A & = Linbtd
By
£ AN ¥aA _9
\\\f N P:ﬂ["i’mﬁ’%‘?
\\\a N 2 2 j

. AN

\\:ﬂv% N f \jﬁ"’gémijy

A \j VA |
NN |

\" T\\\q:é{ﬁ‘w;\%? e = =N

. 2T AT T Y
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Comparison of these coefficient shows that this recursive transfor-
mation excludes the harmonics whose frequencies sufficiently differ from the wi
under investigation. This advantage of recursive transformation is very impor-
tant for the investigation of tidai phenomena, for this process involves waves
greatly differing in amplitudes. Furthermore, instrumental drift is approximated
by long-period waves. The frequencies of these harmonics differ considerably
from the diurnal, semi-diurnal and terdiurnal ones. Therefore, the amplitude
coefficients for them will be very small. Thus, the influence of drift is practi-

cally eliminated from estimation value.

As is known, there are other methods of eliminating fictitious waves
{(1,2). E.g. the use of the weighted functions (Gipp's and Gan’'s). But in using
these transforms the prescribed function y(t) must be available in the form of

readings without gaps. However, this is technically difficult.

An édvantage of the Suggested recursive transformation it is feasible

to use date having gaps of any length.

Let us consider the first stage of recursive transformation. Let any
subinterval contain a gap. Then we shall subdivide this interval into small

nonintersecting intervals of the length Ti' We shall fill this subinterva. so

that the period T_l enter 2Li the same number times as the interval without geps.

Then, it can be easily demonstrated that the accuracy of the transformation will

not be inferior to the case in which gaps are absent.

In the study of tides the parameters 6i = A;/AI and Xy = % - ¢

(]

i
T
Ai, ¢I being the theoretical ones.

are estimated. Here A° and ¢; are observed amplitudes and phase,

The suggested recursive transformation allows to estimate the para-
meters 61 and Xy without solving the system of equations (3) obtained through

transformation of (7). The graph shows that amplitude coefficients are

PLy -
ikj
practically zero for harmonics whose freguencies are not very close. If we
combine separate harmonics the frequencies of which are close as practised in
other methods (3) and if we assume that the parameters 61. X5 are the same for

each component of this group, then the transformation of (7) gives

1]

(>} ?
aj 51 Ai cos (¢i + Xi] * Pyq A1 cos [q)1 + Xi] ol (10)

[- 2 s + . "
bi 61 Ai sin (¢i + xi) S A1 sin (¢1 * Xi] +
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After simple transformations we obtain :

7 cos $i * Py Aq cos ¢1 + ..e) COS Xq ” (Ai sin ¢i * 0414 A1 ain ¢1 +
%+
bS - sin ¢, +

milar operations are carried out for the theoretical function

. , , T T
given process in the same interval of time. Then 61 =1, Xy = 0

the homological values of the parameters

toees, @y S Ai cos ¢i * 0411 A1 cos ¢1+ 00 d12)

{11) may be written thus :

B 'T
iy, ~h _ ~h
a, 61 8, ©os Xy bi sin Xy s
L = (13)
bo = § éh sin + Sh cos ]
1 1] B 0N i Xy | -
- -
Hence we
s, = RO/AY
i i"hi
wo xh | =0 =h *s =h _ =o zh
85 8 by by . by &y = 8; by
cos ¥, = o ; sin x; = - (14)
- §, (A,) §, (A;) '
i i i i

Therefore, if the assumation that the parameters 61 and X; are the
same for harmonics of close frequencies is valid then, it is not necessary to
7

7 in respect to a, and bia The expressions (14) may be used

i

‘The following are the basic advantages of this algorithm of esti-

of a spectrum of Earth tides :
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the estimations obtained by this algorithm satisfy the basic condition (2},

the transformation of the given function is linesr, therefore the sinusoidal

spectrum of the process is not distorted,

it is possible to use data with gaps.

This algorithm has been tested with models.
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{OF TIDAL TILTS IN BORE-HOLES

T.A. SHIROKOV, K.M. ANDKHINA

gtudy of the Earth crust’'s deformations

instrumental and methodical renovation.

iith mechanical amplification are

glectronic amplification, having automatic
monitoring. The progressively
substitution of observations in the

‘sctive system of profile

reatile and conventional procedure

any given point of a profile (1). This trend

geophysical projects in which

an important role.

urements of the tidal and secular tilts

inherent to the specific procedure of
wpect-holes, or in prospect-pits.

isn't the same and is likely

termination of the tidal

the procedure of the tilt-

of ntinuous observations in as

tidal observations, the most
ion of the individual results,
ing of the observed values vy
the points falling close together. The

capturing the deep est regions of the Earth

ost identical parsmeters observed on the

at the points 20-30 m apart. The perturbing

the results of obse ?VatADﬁu at these
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But many instances are available when the tidal waves' parameters
at the points falling close together are different one from another more than
it follows from an estimate of their internal precision. In our view, the ina-
dequate representation of such results is due to lack of an effective conven-

tional procedure of the tiltmeter's installation.

From this point of view the results of the tiltmeter observations
in the bore-holes falling close together, carried out near Moscow, are of

certain interest.

The tiltmeter observations in bore-holes in the USSR were began
to carry out from 1972 by the Institute of Physics of the Earth at the
Polushkino tidal station with Askania-borehole tiltmeters, and, beginning from
1974, with modified Ostrovsky tiltmeters (3). It is to be noted that until
recently observations of the Earth tides in bore-holes failed by horizontal
pendulums, mainly, because of high requirements to a construction of an instru-
ment and of a bore-hole. When resolving this problem, the suitable procedure of
lowering, azimuthal orientation, and adjustment of a bore-hole instrument have

been developed.

The Polushkino tidal station has three identical bore-holes 30 m
deep and 10-15 m apart. Three Ostrovsky tiltmeters (NN 4, 51, 78) installed at
bore-hole had been used in the observations. Regardless of low times of sets
of the sihultaneous observations we held it possible to use their for determi-
nation of representative values of the tidal parameters as well as for compa-

rison of the procedures of the tiltmeter’'s installation at bore-holes and -pits.

Tables 1 and 2 present the values of the amplitudinal factor vy and
of the phasal delay x in conjunction with the estimate of precision for four
the most major waves MZ’ 82’ Kq, an To obtain the representative values y and
x for these waves the weighted mean values were calculated for a group of the
bore-holes. The coefficients inversely proportional to squares of standard

errors were used as a weight.

The maximum deviation from the weighted mean value Y[MZ] was
obtained for the bore-hole 1 (0.8 %). The relatively large standard efror of
the result is accounted>for by low time of the set of observations at the bore-

hole 1.

The result for the bore-hole 2 was obtained with less error since
the time of the set of observations at it was almost three times as large as

one at the bore-hole 1. At the bore-holes 1 and 2 the Ostrovsky horizontal
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pendulums wers installed close to the face at the same deep approximately.

The least error of an amplitudinal factor was obtained for the
tiltmeter installed in the middle of the bore-hole 3. Where the value y £M23

was 0.726 with the deviation of 0.15 % from the weighted mean.

.

(1

or the wave 32 the maximum deviation of a f<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>